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Abstract
Quite recently, Mursaleen and Edely [M. Mursaleen, O.H. Edely, Statistical convergence of double sequences,
J. Math. Anal. Appl. (in press)], defined the statistical analogue for double sequences x = {xk,l} as follows: A real
double sequence x = {xk,l} is said to be P-statistically convergent to L provided that for each  > 0
P − lim
m,n
1
mn
{numbers of ( j, k) : j < m and k < n, |x j,k − L| ≥ }.
In this paper we introduce and study lacunary statistical convergence for double sequences and we shall also
present some inclusion theorems.
© 2005 Published by Elsevier Ltd
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1. Introduction and background
Before we go into the motivation for this paper and presentation of the main results we give some
preliminaries. The concept of statistical convergence was introduced by Fast [1] in 1951. A complex
number sequence x is said to be statistically convergent to the number L if for every ε > 0
lim
n
1
n
|{k < n : |xk − L| ≥ }| = 0,
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where by k < n we mean that k = 0, 1, 2, . . . , n and the vertical bars indicate the number of elements
in the enclosed set. In this case we write st1 − lim x = L or xk → L(st1).
By a lacunary θ = (kr ); r = 0, 1, 2, . . . where k0 = 0, we shall mean an increasing sequence of
non-negative integers with kr − kr−1 → ∞ as r → ∞. The intervals determined by θ will be denoted
by Ir = (kr−1, kr ] and hr = kr − kr−1.The ratio krkr−1 will be denoted by qr .
The following concept is due to Fridy and Orhan [3]. Let θ be a lacunary sequence; the number
sequence x is Sθ -convergent to L provided that for every ε > 0
lim
r
1
hr
|{k ∈ Ir : |xk − L| ≥ }| = 0.
In this case we write Sθ − lim x = L or xk → L(Sθ ).
Let K ⊆ N ×N be a two-dimensional set of positive integers and let Km,n be the numbers of (i, j)
in K such that i ≤ n and j ≤ m. Then the lower asymptotic density of K is defined as
P − lim inf
m,n
Km,n
mn
= δ2(K ).
In the case when the sequence { Km,n
mn
}∞,∞m,n=1,1 has a limit then we say that K has a natural density and is
defined
P − lim
m,n
Km,n
mn
= δ2(K ).
For example, let K = {(i2, j2) : i, j ∈ N }, where N is the set of natural numbers. Then
δ2(K ) = P − lim
m,n
Km,n
mn
≤ P − lim
m,n
√
m
√
n
mn
= 0
(i.e. the set K has double natural density zero). Quite recently, Mursaleen and Edely [5], defined the
statistical analogue for double sequences x = {xk,l} as follows: A real double sequence x = {xk,l} is
said to be P-statistically convergent to L provided that for each  > 0
P − lim
m,n
1
mn
{number of ( j, k) : j < m and k < n, |x j,k − L| ≥ } = 0.
In this case we write st2 − limm,n xm,n = L and we denote the set of all P-statistical convergent
double sequences by st2. In this paper, our aim is to extend a few results known in the literature from
single sequences to double ones.
2. Definitions and results
We begin with some definitions.
Definition 2.1. The double sequence x is bounded if there exists a positive number M such that
|x j,k| < M for all j and k,
‖x‖(∞,2) = sup
j,k
|x j,k| < ∞.
We will denote the set of all bounded double sequences by l ′′∞.
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Note that in contrast to the case for a single sequence, a P-convergent double sequence needs to be
bounded but every P-convergent real (or complex) double sequence is Cauchy and convergent.
Definition 2.2. The double sequence θr,s = {(kr , ls)} is called double lacunary if there exist two
increasing of integers such that
k0 = 0, hr = kr − kk−1 → ∞ as r → ∞
and
l0 = 0, h¯s = ls − ls−1 → ∞ as s → ∞.
Notations: kr,s = kr ls , hr,s = hr h¯s , θr,s is determined by Ir,s = {(k, l) : kr−1 < k ≤ kr & ls−1 <
l ≤ ls}, qr = krkr−1 , q¯s = lsls−1 , and qr,s = qr q¯s . We will denote the set of all double lacunary sequences
by Nθr,s .
Definition 2.3. The double sequence x is strong double Cesàro summable if
|σ1,1| :=
{
x for some L , P − lim
mn
1
m, n
m,n∑
k,l=1,1
|xk,l − L| = 0
}
.
and let |σ1| denote ordinary strong Cesàro summable.
Definition 2.4. Let θr,s be a double lacunary sequence; the double number sequence x is Nθr,s − P-
convergent to L provided that for every  > 0
Nθr,s =

x : for some L , P − limr,s 1hr,s
∑
(k,l)∈Ir,s
|xk,l − L| = 0

 .
We now consider the double lacunary statistical convergence.
Definition 2.5. Let θr,s be a double lacunary sequence; the double number sequence x is Sθr,s − P-
convergent to L provided that for every  > 0,
P − lim
r,s
1
hr,s
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }| = 0.
The following theorem is a multidimensional analog of Fridy and Orhan’s theorem presented in [3].
Theorem 2.1. Let θr,s be a double lacunary sequence; then
A: xk,l
P→ L(Nθr,s ) implies xk,l P→ L(Sθr,s )
B: Nθr,s is a proper subset of Sθr,s
C: If x ∈ l ′′∞ and xk,l P→ L(Sθr,s ) then xk,l P→ L(Nθr,s )
D: Sθr,s ∩ l ′′∞ = Nθr,s ∩ l ′′∞
where l ′′∞ is the space of all bounded double sequences.
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Proof. (A) Since
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }| ≤
∑
(k,l)∈Ir,s & |xk,l−L|≥
|xk,l − L|
≤
∑
(k,l)∈Ir,s
|xk,l − L|
and
P − lim
r,s
1
hr,s
∑
(k,l)∈Ir,s
|xk,l − L| = 0.
This implies that
P − lim
r,s
1
hr,s
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }| = 0.
This complete the proof of (A).
(B) Let x be defined as follows:
xk,l :=


1 2 3 · · · [ 3√hr,s] 0 · · ·
2 2 3 · · · [ 3√hr,s] 0 · · ·
...
...
...
...
...
...
...
2 [ 3√hr,s] · · · . . . [ 3√hr,s] 0 · · ·
0 0 0 0 0 0
...
...
...
...
...
...
...
. . .


.
It is clear that x is an unbounded double sequence and for  > 0
P − lim
r,s
1
hr,s
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }| = P − lim
r,s
[ 3√hr,s]
hr,s
= 0.
Therefore xk,l
P→ 0(Sθr,s ). Also note
P − lim
r,s
1
hr,s
∑
(k,l)∈Ir,s
|xk,l | = P − lim
r,s
[ 3√hr,s]([ 3√hr,s]([ 3√hr,s] + 1))
2hr,s
= 1
2
.
Therefore xk,l
P→ 0(Nθr,s ). This completes the proof of (B).
(C) If x ∈ l ′′∞ and xk,l P→ L(Sθr,s ) then xk,l P→ L(Nθr,s ). Suppose x ∈ l ′′∞ then |xk,l − L| ≤
M for all K . Also for given  > 0 and r and s large we obtain the following:
1
hr,s
∑
(k,l)∈Ir,s
|xk,l − L| = 1hr,s
∑
(k,l)∈Ir,s & |xk,l−L|≥
|xk,l − L|
+ 1
hr,s
∑
(k,l)∈Ir,s & |xk,l−L|≤
|xk,l − L|
≤ M
hr,s
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }| + .
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Therefore x ∈ l ′′∞ and xk,l P→ L(Sθr,s ) implies xk,l P→ L(Nθr,s )
(D) Nθr,s ∩ l ′′∞ = Sθr,s ∩ l ′′∞ follows directly from (A), (B), and (C). 
Theorem 2.2. For any double lacunary sequence θr,s , st2 − lim x = L implies Sθr,s − lim x = L if and
only if lim inf qr > 1 and lim inf q¯s > 1.
Proof. Suppose lim inf qr > 1 and lim inf q¯s > 1; then there exists δ > 0 such that both qr > 1 + δ
and q¯s > 1 + δ. This implies hrkr ≥ δ1+δ and h¯sls ≥ δ1+δ . If xk,l → L(st2) then for each  > 0 and for
sufficiently large r and s we obtain the following:
1
krs
|{k ≤ kr and l ≤ ls : |xk,l − L| ≥ }| ≥ 1krs |{(k, l) ∈ Ir,s : |xk,l − L| ≥ }|
= hr,s
kr,s
1
hr,s
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }|
≥
(
δ
1 + δ
)2 1
hr,s
|{(k, l) ∈ Ir,s : |xk,l − L| ≥ }|.
Therefore Sθr,s − lim x = L .
Suppose lim infr qr = 1 or lim infs q¯s = 1, and assume without loss of generality that
lim infr qr = 1 [2, p. 510]; implies there exists an ordinary subsequence {kα j } of the lacunary
sequences θr such that
kα j
kα j −1
< 1 + 1j and
kα j −1
kα j−1
> j where α j ≥ α j−1 + 2. Let us define x as
follows:
xk,l :=
{
1, if k ∈ Iα j and l ∈ N
0, if otherwise.
Therefore by [2, p. 510], the rows are not in Nθr but each row is such that x is in |σ1|; therefore x is in
Sθr by part (C) of Theorem 2.1. Also each row is in st1 but each row is such that st1 ⊂ Sθr . Since the
double lacunary sequences θr,s is factorable st2 ⊂ Sθr,s . 
Theorem 2.3. For any double lacunary sequence θr,s , Sθr,s lim x = L implies st2 − lim x = L if and
only if lim supr qr < ∞ and lim sups q¯s < ∞.
Proof. Suppose lim sup qr < ∞ and lim sup q¯s < ∞. Then there exists H > 0 such that qr < H and
q¯s < H for all r and s. Suppose that xk,l
P→ L(Sθr,s ) and
Nr,s := |{(k, l) ∈ Ir,s : |xk,l − L| ≥ }|
by the definition of xk,l
P→ L(Sθr,s ) given  > 0 there exists r0 ∈ N such that Nr,shr,s <  for all r and
s > r0. Let
M := max{Nr,s : 1 ≤ r ≤ r0 and 1 ≤ s ≤ r0}.
Let n and m be such that kr−1 < m ≤ kr and ls−1 < n ≤ ls Therefore we obtain the following:
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1
mn
∣∣{k ≤ m & l ≤ n : |xk,l − L| ≥ }∣∣ ≤ 1kr−1ls−1 |{k ≤ kr & l ≤ ls : |xk,l − L| ≥ }|
= 1
kr−1ls−1
{
r,s∑
i, j=1,1
Ni, j
}
≤ Mr
2
0
kr−1ls−1
+ 1
kr−1ls−1
{
r,s∑
i, j=r0+1,r0+1
Ni, j
}
≤ Mr
2
0
kr−1ls−1
+ 1
kr−1ls−1
{
r,s∑
i, j=r0+1,r0+1
Ni, j hi, j
hi, j
}
≤ Mr
2
0
kr−1ls−1
+ 1
kr−1ls−1
(
sup
i, j≥r0,r0
Ni, j
hi, j
){
r,s∑
i, j=r0+1,r0+1
hi, j
}
≤ Mr
2
0
kr−1ls−1
+ 
{
r,s∑
i, j=r0+1,r0+1
hi, j
}
≤ Mr
2
0
kr−1ls−1
+ H 2.
The converse of this theorem follows similarly to that of Theorem 2.2. This completes the proof of
this theorem. Theorems 2.2 and 2.3 implies the following:
Theorem 2.4. Let θr,s be a lacunary double sequence; then st2 = Sθr,s if and only if
1 < lim inf
r
qr ≤ lim sup
r
qr < ∞
and
1 < lim inf
s
q¯s ≤ lim sup
s
q¯s < ∞
then st2 − lim x = L implies Sθr,s − lim x = L. 
We now discuss every Sθr,s -method is consistent with the st2-method.
Theorem 2.5. If x ∈ st2 ∩ Sθr,s , then Sθr,s − lim x = st2 − lim x.
Proof. Suppose st2 − lim = L and Sθr,s − lim x = L ′ such that L = L ′. Let P − limmn 1mn |{k <
m and l < n : |xk,l − L ′| ≥ }| = 1 for  < 12 |L − L ′|. Let us now consider the kplv-th term of the
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following expression:
1
mn
|{k ≤ m and l ≤ n : |xk,l − L ′| ≥ }| :
1
kplv
|{(k, l) ∈
p,v⋃
r,s=1,1
Ir,s : |xk,l − L ′| ≥ }| = 1kplv
p,v∑
r,s=1,1
|{(k, l) ∈ Ir,s : |xk,l − L ′| ≥ }|
≤ 1p,v∑
r,s=1,1
hr,s
p,v∑
r,s=1,1
hr,s tr,s
where tr,s = 1hrs |{(k, l) ∈ Ir,s : |xk,l − L ′| ≥ }| is a Pringsheim null sequence, since xk,l → L ′(Sθr,s ).
Since θr,s is a double lacunary sequence, the last equation satisfies all conditions for a four-dimensional
matrix transformation to map Pringsheim null sequence into Pringsheim null sequence [4], and therefore
it too tends to zero in the Pringsheim sense. In addition, it is also a double sequence of 1
mn
|{k <
m and l < n : |xk,l − L ′| ≥ }| which does not tends to 1 in the Pringsheim sense. This contradiction
implies that L = L ′. 
We conclude this paper with the following theorem.
Theorem 2.6. The set Sθr,s ∩ l ′′∞ is a closed linear subspace of the normed linear space l ′′∞.
Proof. Let xm,n = (xm,nj,k ) ∈ Sθr,s ∩ l ′′∞ and xm,n → x ∈ l ′′∞. Since xm,n ∈ Sθr,s ∩ l ′′∞, there exists a real
number Lm,n such that
Sθr,s − limj,k x
m,n
j,k = Lm,n for m, n = 1, 2, 3 . . . .
Take a positive P-decreasing P-convergent double sequence {m,n}; then for every m, n = 1, 2, 3, . . .
there is a positive integer Nm,n , such that if m, n ≥ Nm,n then ‖x − xm,n‖∞ ≤ m,n4 . Without loss of
generality let us assume that Nm,n = mn. For fixed m, n, there is krm,n such that
1
hrm,n
∣∣∣{( j, k) ∈ Irm,n : |xm,nj,k − Lm,n| ≥ m,n4
}∣∣∣ < 14 ,
1
hrm,n
∣∣∣{( j, k) ∈ Irm,n : |xm+1,n+1j,k − Lm+1,n+1| ≥ m+1,n+14
}∣∣∣ < 14 .
This implies{
( j, k) ∈ Irm,n : |xm,nj,k − Lm,n| ≤
m,n
4
}
⋂{
( j, k) ∈ Irm,n : |xm+1,n+1j,k − Lm+1,n+1| ≤
m+1,n+1
4
}
= ∅.
Choose (k1, k2) in this intersection; thus we obtain the following:
|Lm,n − Lm+1,n+1| ≤ |xm,nk1,k2 − Lm,n | + |x
m+1,n+1
k1,k2 − Lm+1,n+1|
+ |xm,nk1,k2 − x
m+1,n+1
k1,k2 |
≤ |xm,nk1,k2 − Lm,n | + |x
m+1,n+1
k1,k2 − Lm+1,n+1|
+ ‖x − xm,n‖∞ + ‖x − xm+1,n+1‖∞
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≤ m,n
4
+ m+1,n+1
4
+ m,n
4
+ m+1,n+1
4≤ m,n.
Therefore the double sequence {Lm,n} is P-convergent. Let
P − lim
m,n
Lm,n = L .
We need to show that x P→ L(Sθr,s ). For any  > 0 there exists (m, n) such that m,n < 4 ,‖x − xm,n‖ < 4 , and |Lm,n − L| < 4 ; then
1
hr,s
|{(i, j) ∈ Ir,s : |x j,k − L| ≥ }| ≤ 1hr,s |{(i, j) ∈ Ir,s : |x
m,n − Lm,n|
+ ‖x − xm,n‖∞ + |Lm,n − L| ≥ }|
≤ 1
hr,s
∣∣∣{(i, j) ∈ Ir,s : |xm,n − Lm,n| + 4 + 4 ≥ 
}∣∣∣
= 1
hr,s
∣∣∣{(i, j) ∈ Ir,s : |xm,n − Lm,n| ≥ 2
}∣∣∣ .
The last expression approaches zero as r and s both approach infinity. Therefore x P→ L(Sθr,s ),
i.e. x ∈ Sθr,s ∩ l ′′∞. This completes the proof. 
References
[1] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951) 241–244.
[2] A.R. Freedman, J.J. Sember, M. Raphael, Some Cesàro type summability spaces, Proc. London Math. Soc. 37 (1978)
508–520.
[3] J.A. Fridy, C. Orhan, Lacunary statistical convergent, Pacific J. Math. 160 (1) (1993) 43–51.
[4] H.J. Hamilton, Transformations of multiple sequences, Duke Math. J. 2 (1936) 29–60.
[5] M. Mursaleen, O.H. Edely, Statistical convergence of double sequences, J. Math. Anal. Appl. (in press).
